We present a numerical solution for a topologically flat 2-dimensional thick brane on a higher dimensional, spherically symmetric black hole background. Present solution is the last, missing part of the complete set of solutions for the thickness corrected brane -black hole problem in arbitrary number of dimensions. We show that the 2-dimensional case is special compared to all the higher dimensional solutions in the topologically Minkowskian family as being non-analytic at the axis of the system. We provide the numerical solution in the near horizon region and make a comparison with the infinitely thin case.
I. INTRODUCTION
The study of higher dimensional black holes, branes and their interactions is an active field of research in several different areas of modern theoretical physics [1] [2] [3] [4] . One interesting direction, which has been first introduced by Frolov [2] , is to consider a brane -black hole (BBH) toy model for studying merger and topology changing transitions in higher dimensional classical general relativity [5, 6] , or in certain strongly coupled gauge theories [3, 7] through the AdS/CFT correspondence [8] . Generalizations of the BBH model by studying thickness corrections to the Dirac-Nambu-Goto effective brane action [9] [10] [11] from higher order curvature terms, have also been studied recently, first by perturbative approaches [12, 13] , and later within an exact description [14] .
The results of the perturbative approaches concluded that there is a "symmetry breaking" between the two topologically different solution family, as regular perturbative solutions do not exist for Minkowskian embedding topologies except in the special case of a 2-brane. The problem, on the other hand, can be solved regularly for any brane dimensions in the black hole embeddings. This virtual "symmetry breaking" phenomenon obtained a simple resolution in [13] , where it was pointed out that perturbative thick solutions break down around their thin counterparts for Minkowski topologies, because the thin solutions are not analytic at the axis of the system. Motivated by this observation, in [14] , a general family of thick solutions could be provided for both topologies within a non-perturbative numerical approach for all but one exceptional case. The exception, mysteriously, turned out to be the same case, where the regular perturbative solution existed, namely the 2-dimensional, topologically flat case.
The above findings of [14] naturally raised the question: How can a regular perturbative solution exist in * czinner@rmki.kfki.hu the same single case where the regular non-perturbative solution can not be found?
In the present paper we provide the answer to this question and obtain the so far missing solution of the topologically flat 2-brane in arbitrary number of bulk dimensions for the thick-BBH system. By including this solution, we complete the full set of solutions of the problem that we started presenting first with a perturbative approach in [13] and continued with a non-perturbative description in [14] . The present work, therefore, is the final part of the series of papers we addressed to the thickness corrected BBH problem and we kindly refer the reader also to [13, 14] for the more detailed model setups and for all those definitions, notations and results that might be missing here and would make the present paper completely self-contained.
The plan of the paper is as follows. In Sec. II, we provide a short overview on the thin-and thick-BBH model setups. In Sec. III we obtain the special case of the 2-brane equation, and in Sec. IV we analyze its regularity conditions for flat topology. In Sec. V we provide the non-perturbative, numerical solution of the problem in the near horizon region, and in Sec. VI we draw our conclusions.
II. THE BRANE -BLACK HOLE SYSTEM
Let us overview quickly the most important properties of the thin-BBH system introduced by Frolov in [2] , and its thickness corrected generalization provided in [13] .
A. The thin model
We consider static brane configurations in the background of a static, spherically symmetric bulk black hole. The metric of an N -dimensional, spherically symmetric black hole spacetime is
where f = f (r) and dΩ 2 N −2 is the metric of an N − 2 dimensional unit sphere. One can define coordinates θ i (i = 1, . . . , N − 2) on this sphere with the relation
The explicit form of f is not important, it is only assumed that f is zero at the horizon r 0 , and it grows monotonically to 1 at the spatial infinity r → ∞, where it has the asymptotic form [15] ,
In the zero thickness case the test brane configurations in an external gravitational field can be obtained by solving the equation of motion coming from the DiracNambu-Goto action [9] [10] [11] ,
where γ µν is the induced metric on the brane
and ζ µ (µ = 0, . . . , D − 1) are coordinates on the brane world sheet. The brane tension does not enter into the brane equations, thus for simplicity it can be put equal to 1. It is also assumed that the brane is static and spherically symmetric, and its surface is chosen to obey the equations
With the above symmetry properties the brane world sheet can be defined by the function θ D−1 = θ(r) and we shall use coordinates ζ µ on the brane as
The parameter n denotes the number of dimensions in which the brane is rotationally symmetric. In this paper we consider the special case of n = 1, i.e. a 3-dimensional brane world sheet, that is a 2-dimensional, axisymmetric brane embedded into the higher dimensional black hole spacetime. With this parametrization the induced metric on the brane is
where, and throughout this paper, a dot denotes the derivative with respect to r, and the action (4) reduces to
where ∆t is the interval of time and A n = 2π n/2 /Γ(n/2) is the surface area of a unit n-dimensional sphere.
B. Thickness corrections
In the case of a thick brane, the curvature corrected effective brane action is obtained by Carter and Gregory in [16] , and the corrections to the thin DNG action are induced by small thickness perturbations as
where R is the Ricci scalar, K is the extrinsic curvature scalar of the brane and the coefficients C 1 and C 2 are expressed by the wall thickness parameter ℓ as
The parameter µ is related to the thickness by
which originates from a field theoretical domain-wall model where µ is the mass parameter and λ is the coupling constant of the scalar field. After integrating out the spherical symmetric part and the time dependence on the introduced static, spherically symmetric, higher dimensional black hole background, one obtains (see also [13] )
where we introduced the notations
with
Here L is the relevant dynamical length scale of the system which has to be large compared to the thickness parameter ℓ in order to (11) remain valid. The explicit expressions of the curvature scalars K and Q are given in (35) and (36) of [13] . For a detailed introduction of both the thin-and thick-BBH systems, please refer to [2, 13] .
III. THE 2-BRANE EQUATION
From this section on we will focus only on the case of the topologically flat or Minkowskian 2-brane. In two dimensions "topologically flat" is synonymous with "topologically Minkowskian", and we retain both terms for the sake of elegant variation.
In order to obtain the 2-brane equation of motion, first we observe that the thickness corrected DNG-brane action is a function of the second derivative of θ and thus the Euler-Lagrange equation of the problem has the form (see for example [17] )
From (18) the actual equation of motion becomes
where, in the 2-dimensional (n = 1) case
and T 2 is given in the Appendix.
As it is immediate to see, (19) is a 4th-order, highly nonlinear equation, and it is probably impossible to present its solutions in closed, analytic form. Hence, the goal of this paper, is to provide a regular, numerical solution of (19) in arbitrary bulk dimensions for flat topology.
IV. REGULARITY AND BOUNDARY CONDITIONS
It was pointed out first in [13] , that the brane solutions obtained by Frolov in [2] are regular but not analytic (or smooth) at the axis of the thin-BBH system for the Minkowski embedding branch. In fact they are not even differentiable at that point and thus belong to the class of C 0 functions only. According to this property, and since we found that the perturbative approach broke down around these solutions for the thick case, we concluded that the thick brane solutions must behave significantly differently at the axis of the system, namely we expected them to be smooth there. It was surprising however that in the single case of the 2-brane, a regular perturbative solution existed. We gave a detailed analysis of this solution in [13] .
In [14] , approaching the problem by a new, nonperturbative numerical method, we looked for the missing solutions of the Minkowski branch in the class of analytic functions. We obtained regular boundary conditions at the axis of the system by considering the series expansion of the exact 4th-order equation of motion around θ = 0. With this method we successfully provided all the missing, topologically Minkowskian solutions of the thick-BBH system, except in the curious case of the 2-brane again.
It was obvious, of course, that a perturbative solution can not exist without the existence of a non-perturbative solution, and also since explicitly constructed, field theoretical domain wall solutions [18, 19] clearly exist in the case of the 2-brane, we suspected that the lack of this solution must lie somewhere in the validity of the applied method. Nevertheless, we were so enthusiastic with providing the whole family of the missing solutions in the C ∞ class at the axis, that it didn't occur in our mind at the time, that the 2-dimensional case might be special in the topologically Minkowskian family as being the only one which is non-analytic at the axis.
The main result of the present paper is the observation, that the 2-dimensional solution of the thick-BBH system is in fact a special one in the topologically Minkowskian family as being C 0 (or as we will soon see maximum C 1 ) function at the axis of the system. All the other dimensional solutions are C ∞ . This also explains the fact why it was only the 2-dimensional case where a perturbative solution could exist around the thin solution.
In the remaining of this section we analyze the asymptotic behavior of (19) near the axis of the system. We obtain necessary boundary conditions from regularity requirements and show that these conditions can always be fulfilled in order to obtain a regular solution.
Asymptotic analysis
We know from the above considerations that a regular solution of the problem must exist although analytic solution could not be found at the axis of the system. Thus the point r 1 on the axis, where θ(r 1 ) = 0, must be a regular singular point of the differential equation (19) . Even though (19) is highly nonlinear, general results from the theory of local analysis of linear differential equations can be applied, because we know from physical considerations that (19) should not develop any nontrivial singular points in its domain.
Hence, if a solution is not analytic at a regular singular point (see e.g. [20] ), its singularity must be either a pole or an algebraic or logarithmic branch point, and there is always at least one solution of the form
where α is a number called indical exponent and A(r) is a function which is analytic at r 1 and has a convergent Taylor series. In the general case α can be any number that solves (19) . In our specific case however, the thin solution, around which a regular perturbative solution existed, had the asymptotic form near r 1 (see [2, 13] )
and similarly, the corresponding perturbative solution (see [13] ) near the same point had the asymptotic form
where ϕ is the perturbation function and η and κ are coefficient functions defined in [13] . Thus, in order to obtain the non-perturbative thick solution, we also chose α to be 1/2, in accordance with the perturbative results. This choice will also have the advantage of naturally fixing the free boundary condition in the next section for a unique numerical solution. With α = 1/2, from (22) we obtain that the asymptotic form of θ(r) near the axis is (r − r 1 )
where the coefficient functions c i are polynomial expressions of A i with dependences
In order to obtain a regular solution, we need to require for the c i coefficient functions to disappear at r 1 . From the explicit forms of c i , one can find that the coefficient A 1 can be chosen freely, and once it's fixed, the remaining coefficients A 2 , A 3 and A 4 can be computed from the requirements that c i (r 1 ) = 0. Consequently, the solution is uniquely determined by the parameter r 1 (i.e. the minimal distance parameter), and the explicit values of the coefficients A 2 , A 3 and A 4 can be immediately obtained from the c i (r 1 ) = 0 equations. (This procedure is of course necessary before the numerical setup.) For the question of existence, the c i (r 1 ) = 0 equations are always soluble, as it turns out that these are linear equations for the A i coefficients. The explicit forms of the coefficients A 2 , A 3 and A 4 , as successive functions of A 1 and r 1 are given in the Appendix. In conclusion we found that a regular 2-dimensional solution can always be given for the exact problem, and a unique solution is completely determined by the regularity requirements once the coefficient A 1 is fixed. Since we are free to choose A 1 , it can also put to be 0 for example. In this case the asymptotic form (25) starts with
which solution is a C 1 function, however in all other cases the solution of (19) is C 0 at r 1 .
V. NUMERICAL SOLUTION NEAR THE HORIZON
For illustrating the obtained results, we provide the numerical solution of the 2-dimensional flat problem. With the experiences we gained from the analysis of the thick-BBH system in [13, 14] , it is not too difficult to obtain the numerical solution here, after the initial conditions for this specific case has been clarified.
As we discussed earlier, we are free to choose the coefficient A 1 in the asymptotic solution (25). Nevertheless, in order to be completely consistent with our previous perturbative results in the flat 2-brane case, we make the choice
that was forced upon us by regularity requirements for the perturbations. Having fixed this freedom, the remaining three conditions A 2 , A 3 and A 4 are determined, as discussed in the previous section, and the corresponding numerical solution is unique.
In obtaining the numerical solution we used Mathematica
NDSolve function. The integration range went from r 1 until 1000 to check the accordance with the corresponding perturbative solution.
The configurations of the perturbative thick 2-brane solutions in the near horizon region have been presented in [13] . Since the effects of the nonlinearities are really small even in the gravitationally strong, near horizon region, the overall global picture of the thickness corrected brane configurations remain very similar to the perturbative case. To make however the small effects visible, we plot on Fig. 1 and Fig. 2 Comparing the results with the corresponding plots of the perturbative solutions in [13] , we find that the general behavior of the ∆θ(r) curves are essentially the same. This is of course what one expects. On the other hand one also expects some differences coming from the nonlinear regime of (19) , and those are also present if we enlarge the very near horizon region of the individual curves. The main features of these differences are plotted on Fig. 3 and Fig. 4 . On Fig. 3 an interesting nonlinear effect appears compared to the perturbative solution. Instead of monotonically decreasing down to its global minimum, as ϕ does in the perturbative case, the ∆θ(r) curve has an extra local pattern near the minimum horizon distance r 1 . The extra pattern is that the curve goes through some additional local extrema in this region before it finally tends to reach the global minimum which is similar to the one in the perturbative case. During these local differences however, ∆θ(r) remains negative in this whole region.
On the qualitatively similar curve on Fig. 4 , the essential difference compared to Fig. 3 is that ∆θ(r) develops a sign change in this region, that is there are several intersections in the very near horizon region between the thick and thin solutions compared to the single intersection that is present in the case of the perturbative solution (see Fig. 6 in [13] ).
With increasing horizon distance r, the above nonlinearities decay quickly, and the solution agrees very well with the perturbative results.
VI. CONCLUSIONS
In the present work we studied the problem of a topologically flat 2-brane in a higher dimensional, thickness corrected BBH system. We provided a regular, nonperturbative, numerical solution for this special case based on earlier perturbative considerations [13] . The main result of this paper is the observation that the 2-dimensional case of the problem is a special one as being non-analytic at the axis of the system. This property makes it unique in the family of thick solutions, as in all other dimensions both the Minkowski and black hole embedding solutions are analytic in their entire domain.
We analyzed the asymptotic behavior of the solution and obtained that it is at most a C 1 , but in the general case it is only a C 0 function at the axis, just like the corresponding thin solutions. The initial conditions of the problem are not uniquely fixed by regularity requirements, thus the solution we provided here is not unique. It is however perfectly consistent with our earlier perturbative results.
With the present paper, we have provided the complete set of solutions of the thick-BBH problem in a series of three consecutive papers. First, in [13] , we obtained all possible perturbative solutions and later, in [14] all nonperturbative solutions were given except the case of the flat 2-brane. Present work completes the set.
In [13] we analyzed the properties of a topology changing, quasi-static phase transition in the thick-BBH system. The obtained results in the present case however does not change our previous findings and thus we don't consider the phase transition in this paper.
The result, that thickness corrections change the analytic properties of the brane solutions at the axis of the system might have some physical consequences. Infinitely thin brane solutions, naturally, are very important in higher dimensional physics, but considering the present problem, one has the intuition that the thickness corrections, which are in agreement with field theoretic domain wall models, made the thin-BBH system more stable in the sense that regular, analytic solutions could be provided in essentially all cases. Since small physical perturbations to any system are usually proportional to the derivatives of the unperturbed solution, it is very possible that the thin-BBH solutions are not entirely stable against small perturbations in the Minkowski branch. (Stability properties of the BBH system for the analytic black hole embedding solutions has been studied for example in [21] .) This property however has been cured by the thickness corrections and it is somehow in accordance with our physical expectations.
The special case of the 2-brane as "remaining" nonanalytic after thickness corrections, thus, is an unexpected property, which makes it physically interesting. So much the more that thick 2-branes, i.e. thin walls on black hole backgrounds in standard 4-dimensional general relativity are certainly real, physical objects. The fact that these solutions are essentially different from the corresponding ones in higher dimensions is remarkable. 
